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ABSTRACT

| In the literature ~f point estimation, Cauchy distribution with location
% parameters was often cited as an example for the failure of maximum likelihood
.

e method and hence the failure of likelihood principle in general. Contrary to
[ the above notion, we proved, even in this case that the likelihood equation
"'l .

& has multiple roots, that the maximum likelihood estimator (the global maximum)
"(

'7

:t remains as an asymptotically optimal estimator in the Bahadur sense,

.

I

§

& AMS 1970 Subject Classification: -Primary 62F20 Secondary 62E10,

ﬂ

: Key Words and Phrases: Likelihood function, maximum likelihood estimator,

.: likelihood equation, Cauchy distribution, consistent estimator, first-order

' efficient, second-order efficient,

ij

“f

o

b

.I

]

/A 2P0 A AL O T a o PR e L L A g% 8 AT WL R L A I " h
KRR TIA o nfta o0) IR Ll S fo o S N P LN ) AR RN AN KT ST AN

A




Y, 1. INTRODUCTION

For point estimation the parameter 8, the likelihood principle (see

O Fisher (1922, 1925)) yields the maximum likelihood estimator (m.l.e.) 8.
f“ There are considerable literatures studying various properties of m.l.e.
The use of m.l.e. has a 1long history and may go back to Gauss and

Edgeworth. For general review, it can be found from recent articles by

Sl

Edwards (1972) and Norton (1972). The maximum likelihood method is a

=

very controversial and emotional issue throughout the history of statis-

-

tical point estimation. Recently there have been many articles still

interested in this issue, to name a few, Berkson (1953, 1980), Efron

.

L e d.g-"ru:‘.‘—

(1975, 1982), Kraft and LeCam (1956), Rao (1980), Ferguson (1982), Fu

N
W
%& (1982), and Reeds (1985).
X
h, X Let X1,...,X; be n independent identically distributed (i.i.d.) ob-
hy! 1 n
o servations having density function f(x|6), where 6 is a fixed value in
%
\3 ) the parameter space ©@. Given the data s = (xl....,xn), the likelihood
s
W function of 0 is defined by
:'"l" n
R (1.1) Lo(e|s) = m £(x;[e).
: i=1
ﬁ:: For given s, the maximum likelihood estimator §,(s) for 6 is a value in
 V~ | the parameter space © which maximizes the likelihood function (1.1): i.e.
i (1.2) Ln(6n(s)|s) =max 0 £(xjle).
v 8e@ i=1
‘&;ﬁ The standard method to obtain the maximum likelihood estimator 8,(s)
:f is to find the root (or roots) of the following equation
Fo

! (1) d

') =4 -

{_‘ (1.3) n (81s) & log L(eis) = 0.
N i
gl‘ The equation (1.3) will be referred to as the likelihood equation.

LWL, LI SN IR A O T TP I I 1 e .‘ PRI TR T IR T U I I P LR N £ L AT aT
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Cramer (1946, p.500) proved that, under certain regularity condi-
tions, there exists a sequence of roots 8,(s) of likelihood equation
(1.3) which converges in probability to 8 as n tends to infinite. Since
then the consistency (or strong consistency) of maximum likelihood
estimator has been studied by many researchers, for example, Wald (1949),
Wolfowitz (1953, 1965) and LeCam (1953, 1970). Under certain regularity
conditions, the maximum likelihood estimator #8,(s) is also asymptoti-
cally normally distributed with asymptotic variance v(8) achieving the
Cramer-Rao lower bound; i.e., for any estimator Tn(é)

(1.4) /n(Ty(s)-8) > N(0,v(8)), asn >

then

(1.5) v(8) 2 1/1(8)

where I(8) is Fisher information and the equality holds when T,(s) is
maximum likelihood estimator. Hence the m.l.e. is an asymptotically
efficient estimator.

An example which was mostly cited in the literature for the failure
of likelihood principle is when observations were sampled from a Cauchy
distribution with a location parameter 8. For given s = (x],...,%,) it
has likelihood function

n 1
(1.6) Lp(efs) = 1 ——————
i=1 ﬂ(1+(xi-9)2)
and likelihood equation
a.n £ (el = - i LY
i=l 1+(x;-6)2
The major reasons that the Cauchy distribution is often cited as an

example for the failure of maximum likelihood method of estimation, hence




V_r"'u
% | )
i
2&& the failure of 1likelihood principle in general (for example, Berkson
]
"5:'
(1980), Ferguson (1978) and Reeds (1985)), are as follows:
h‘
;d& (a) The likelihood equation (1.7) associates with a polynominal
oy
N with (2n-1) degrees. Hence it has (2n-1) roots (real and complex). The
number of roots increases as the sample size increases.
"
.i§ . (b) Neither analytical nor numerical solutions of the likelihood
? equation (1.7) can be obtained easily when sample size is moderately
large.
)2
f:i (c) All the real roots, but one (the global maximum: m.l.e.), of
N
7?: the likelihood equation tend to +*® or ~® in probability as n+» (see Reeds
t: (1985)).
o
20 (d) The asymptotic efficiency of maximum likelihood estimator (the
-
ity
‘o global maximum) still remains unknown.
).* The main purpose of this paper is to show that the maximum likeli-
.ﬂ' hood estimator 8,(s) (the global maximum) converges to 6 exponentially
ﬁ?, and is an asymptotically efficient estimator in the Bahadur sense.
. '
: v, 2. Main Results
W, ::
"’ Fu (1971, 1973) proved that for any consistent estimator T,(s) and
€ >0
:
e lim 1
oo (2.1) e — log P([Th(s)-0fze) 2 -B(e,¢)
L)
e and
e
I,,'
‘o
198
N
*:
.
B2~
l‘ i
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€0 noe

(2.2)  dim lim —lz log P(|Ty(s)-8(2¢) 2 -I(8)/2
ne

where I(8) is Fisher information and B(8,e) is Bahadur bound defined by

(2.3) B(e,e) = inf{K(e',0): [8'-8{>¢}
el

and the Kullback-Liebler information K(g8',8) is given by

f(xle")

£(x|o) f(x]o')dx.

(2.4) K(e',8) = fm {log

The inequalities (2.1) and (2.2) provide an important conclusion in
large sample theory of estimation that for any consistent estimator Tp(s)

the e-tail probability
(2.5) an(Tn,0,e) = P(|Tp(s)-0f2¢)

cannot tend to zero faster than the rate exp{-n{B(g,e )+o(1)]} (for fixed
€) or the rate exp{-nI(8)e2/2} (for ¢ near the zero) tends to zero. The
estimator achieving the bound (2.2) is referred to as first-order
efficient estimator in the Bahadur sense.

For given s, let 8p,(s) and §,(s) be the largest and the smallest
real roots of the likelihood equation (1.3) respectively and the maximum
likelihood estimator 6,(s) be a root of (1.3) which maximizes the

likelihood function (1.7) (i.e. én(s) is a global maximum). It follows
(2.6) 8n(s) s 6,(s) s 8,(s)

and for any € > 0, the following inequalities hold

(1)

(2.7) P(9n(s)28+e) s P(2 ""(s|e+e)20) < P(gp(s)zete),

and

- :‘..‘ .t ,,.}_‘:.....:.:...~-..,.‘,‘._...,_. v, e x y . R T a T T L4
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(2.8) P(8n(s)s6-€) s P( 9.‘(11)(S|8-e)§0) s P(8,(s)s6-¢€).

If the likelihood equation (1.1) has a unique root for every s then
8,(s) = 8,(s) = 8,(s). Hence inequalities (2.7) and (2.8) yield the

following inequalities

(2.9) R8s ore) = PP (sjereran),
and
(2.10)  B(8p(s)s0-¢) = p(s{V(s]6-e)50).
Under this assumption of unique root of likelihood equation (hence
unique m.l.e. 6,(s)), Fu (1973) proved

(2.11)  lim lim == log P(|8,(s)-8]2¢e) = -I(8)/2.
e+0 n»>» ne

Hence the m.l.e. én(s) is an asymptotically efficient estimator in the
Bahadur sense.

For the Cauchy distribution, it is clear that the condition of
unique root of 1likelihood equation is violated. Whether, in this
case, the m.l.e. 6,(s) remains as an asymptotically efficient estimator was
listed as a conjecture in the papers of Fu (1982) and Rubin and Rukin

(1983). The following theorem gave a positive answer to the conjecture.

Theorem: For €>0 sufficiently small, we have

(2.12)  lim 2 log P(|f(s)-0]2e) = -B(6,6,¢)

n->oo
where

(2.13)  B(6,8,e) = €2(1+0(ye))/4.

and 0(/€) stands for 0(ve)/ve > constant as € - 0.

i R ) ‘0“..‘! t.‘l .a L) 0. :"“
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’I% The mathematical proof of this theorem is extremely hard and tedious. We

) '-;

o leave the proof in the next section.

{“ One may note that the above exponential rate R(8,6,c) is independent
S

i; of 8. This is due to the fact that 6 is a location parameter. Similarly
)

' the Fisher information I(8) of the Cauchy distribution is

1

:i 2(6-Xx) 2 _ 1

= (2.14) 1(g) = E (&—/—————) = 3

o . 14(x-6)2

N which is also independent of 8. Results (2.13) and (2.14) together give
! ) L

- (2.15)  lim 8(6,6,e)/e? = I(8)/2 = 7.

L e+0

L .

N Hence the maximum likelihood estimator 6, for location parameter of

. .:'I i

o Cauchy distributions is an asymptotically efficient estimator in the
v Bahadur sense.

. The properties (a) and (b) of 1likelihood equation (1.7) of Cauchy
. »

e distribution couldn't be altered. In view of Reeds' and our results, the
o

> m.l.e. 6, converges to 6 exponentially with the optimal rate. One could
J
" not consider the Cauchy distribution as a major example for the failure
La

N

- of maximum likelihood method of estimation.

>

:; 3. Proof of Main Theorem

4 2 Let X;, X2,... be a sequence of i.i.d. bounded random variables with

Co n

;2 mean zero, Var(X;) = o2 > 0, and {X3|<M. Write S, = Xj. To prove our

Rag” i=1

}31 theorem we need the following lemmas.

o
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Lemma 1. For any >0, when n is sufficiently large then

2
(3.1)  P(|Sp|zen) s 2 exp{-E1 - H )},
202 202
2

Lemma 2. For any 0 < ¢ g Eﬁ, when n is sufficiently large then

: 2
(3.2) P([Spl2en) 2 2 exp{- R (1 +5 /2§ﬂ )}.
' 202 02

The above lemmas can be proved by the same methods used for Lemma 1 and
Lemma 2 in Chapter X, Petrov (1975). We omit the proofs.

Proof of Main Theorem:

Without loss of generality, we can assume that the true value of 8
equals zero and that {X,}, n = 1,2,... will represent a sequence of

i.i.d. standard Cauchy random variables with common density function

1
w(1+x2)

(3.3) f(x) = for all xe(-=,).

The E will stand for expectation with respect to the standard Cauchy

distribution. Let 8 be the variable of following log-likelihood function

n
(3.4) Sp(8) = I log (1+(X;-6)2).

i=1
It follows

1 = 2
(3.5) S E S,(8) = log (84+4).
Take
=1 1, =1 Ay .

(3.6) § = " (log(s + 4) log 4)= 7 log (1 + 16) * 0.0152,

and define

(3.7) An(8) = {S,(8) < n(log 4 + 28)},
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4

5

<

g
then we have, for any te¢(0,1/4),
n 2 2
(3.8) P(An(8) = P{ § log —ot4 n(log 4*2 - 28)}
i=1 1+(X4-9)2
82 2
< {exp{-nt(log éiz— - 28)}]E{exp(t log 8744 ]n
l+(Xl- )2
82 * 1k 2 k
= [exp{-nt(log4+4 -28)} {1+ b iT E(log —g—iﬁ———7)»}n-
k=2"" 1+(X;-6)2
0
If 6 > 0 and Xy < 3 then
0244 < 6244
(3.9) log 3 log = log 4.
1+(X-9)2 1+682/4
0
If 6 > 0 and X1 > 2 then
:] 2 1
(3.10) P(Xl > 2) £ 76 < 9 and
2
(3.11)  log —2F  <10g (02+4).
1+(X1-8)2

Thus (3.9), (3.10) and (3.11) yields

2
8744 3k < (logh)k + % (log(82+4))k.

(3.12) E(log ——M——
1+(X1-9)2)

Inequalities (3.8) and (3.12) imply that for 6 > l,

2
(3.13)  P(AL(8)) S exp{-nlt(log Z}% - 24) - at2)},

4

where

(3.14) A = [log24 + % sup (-é-(ezw)l/4 log2(82+4))]).
6>1/2

2
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N Taking t = 8/A and inserting it into the inequality (3.13), we get, for

oF

) e

e > 3

e 5

Xt (3.15)  B(A(8)) s exp{-néA '(log 5= - 34)}.

¥y

T

v Similarly, the inequality (3.15) also holds for 8 < - %.

Y

P Let 8y = % + k&, k =0,1,2,.... It follows from (3.15) that we have

K

% for n sufficiently large,

[N

. o o . 4+e, 2

[ (3.16) I P(Ap(8g)) 5 = exp{-néA~1(log + 68)}

o k=0 k=0 T

>

, S 2 exp{-n8§2A-1}.

L

. Note that

. n 2(8-X;)

’ (3.17) I% sp(1¢e) | = |}l g —| s 1.

‘ i=1 1+(8-X;)2

. If 0€(8,0k41) and = Sp(8) S log 4 + § then

3

i 1 1 1. . 1

& (3.18) = Sp(8K) = 3 Sp(8) + (3 Sp(") - 2 8p(8))

o _1 1.1

; =3 Sn(8) - (8 ek)(n S, (Ex))

-

w < log 4 + 25.

\

P Hence

[ (3.19)  B(Sup 2 $,(8) 5 log 4 + &)

> 62l

; T2

o~

c sP(u A(% Sp(8x) < log 4 + 28))
k=0

ﬂ

{ oo

5 s T P( 4(8K)) S 2 exp{-ns2/A}.

W k=0

k.

5‘.

o

:

%

}
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By the same token we have

Sl el o |

(3.20)  P(sup = 5,(8) S log 4 + 8) 5 2 exp{-né2/A}.

1
6< 3

4

Inequalities (3.19) and (3.20) imply that

ol

(3.21)  P( sup 5,(8) S log 4 + &) 5 4 exp{-n82/A}.

; 1

) =

. |9|>2

.-

g On the other hand, we have for te(0,1/4)
" (3.22) P(= Sp(0) 2 log 4 + 8) = P(= I log 268 )
X n n,_ 4

o i=1

h

b

) 142
i [exp{-nét}](E exp{t log ) -
> .

<

4 Since

)

! 1+X;2 1

E exp{t log 7 } < oo, for all t < >
[
ﬁ. and 1+X;2
T{ E log 7 - 0
- thus there exists a constant 4 > 0 such that
¢'
. 2
< 14X 2 £2
; (3.23) E exp{t log A } s1+ =3 A s exp{—iA}
" for all sufficiently small positive t. Therefore
N 1 t2
(3.24) P( Sp(0) > log 4 + &) s exp{-nét +n=5A}.

.

NG Taking t = §/A, we have

'
3 (3.25) p(% S,(0) 2 log 4 + §) s exp{-né2/2a}.
B 11

. Now we consider the case when 6¢(- 5,5). Note that

RN "fh
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(2) n  1-(8-X;2)
(3.26) S'°7(8) =2 %
n i=1 (1+(8-X4)2)2

-

: and
i
v _9a2
‘S (3.27) k152 - 8207
¢ non (62+4)2
K Hoeffding (1965) proved that if X1,..,Xy are independent and
R aj £ Xj £bj then, for t > 0 the following inequality holds
B
. n n n
) P( £Xj - I EXj 2nt) s exp{-2n2t2/ I (bj-a;)}.
] i=1 i=1 i=1
d
)
J Since
X 1 2(1-(X;-8)2)
. (3.28) iy < Y
[ (1+(X3-0)2)2
)
) it follows from Hoeffding's inequality that we have
4 1,20y <1
: p(k 3 (8262 2(1-(x;-9)2) , 8-202 1
n =1 (8244)2 .-9)2)2 244)2 3
p (3.29) i=1 (84+4) (1+(x;-9)4) (84+4)
K n o, 002 2(1-(X;-6)2)
, sp@ g B2 Iz 50
i=1 (02+44)2  (1+4(x;-9)2)2
. S exp{-2n(7%)2], for all |6]<1.

Again, since

n  (6-X;)(3-(6-x;)2
(3.30) I-,l; sff)(e)l =|2 3 - —| s,
i=1  (1+(x;-8)2)3

Y e¥e aats 2 2T i

N A

i
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' if 65(32,2(1&1)) 3(2)(9) < 1—. then

"‘i‘ia ' n 25
1 (2)(2k (2)(9) + (1 S(Z)(Zk) =152

& n n 75) = 75 n n

3 |~
:3]»—1

S

R (3.31) =15y 4+ & - g LBy

Al 1,2 ,_1
0 <t e

:!, for k = -36, -35,...,35,36. Hence
1 .(2) i 36 (2),2k 1
o (3.32) P( inf = sn‘ (8) s==)s 2 P( Sp T(5E) s £

)
24 257 Tg=-36 75703
le|s 55

4§ * £75 exp{-2n(7—;')2}

R Now we define the following events

Ani = { sup = S,(8) s log 4 + &},
_ 1
o le|23
> An2

{% Sp(0) 2 log 4 + &}, and

1(2) l
{if;n(G) .

'._- A 3
1% 1.
- Iel&

al Note that the m.l.e. 8,(s) minimizes S,(8) and satisfies the likelihood
. (1) _ c c .

e equation Sn (8) = 0. If Anl and AnZ occur simultaneously, then

'g 8ne(- %,%). If Ac cccurs then St(ll)(e) is strictly increasing on the

24 24

o interval (- 35 75 ). If Anl' Aﬁz, and Afﬁ simultaneously occur then, for

e 55(0,%), 6n > € if and only if Sr(‘l)(t-:) < 0. Hence

i,l b d il \J) ity D)
Y ssx’. ORI ANE ‘& Iy ‘n c."o 'v. (XA o "ok 'I' O ", ’c.‘,b'.,. Akl ?vz".‘.“‘i“ .G'ofﬁe t‘n,";.",vf‘!v'ﬁ?t,‘ o,“al‘.l.‘ e A.' "l. ‘t.\ : ‘t.lt.",n‘.b.‘n.",'
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- Cc C Cc

_ (1) c c c
= P(sn (e) <O, Anl, AnZ’ and An3)'
Note that
2(e-X1) 2

(3.35) E = ==
1+(e-X1)2  e2+4

by Lemmas 1 and 2, we have for € > 0 sufficiently small

n 2(e-X;)
(3.36)  p(sY(e)<0) = p( 1 (25 - ) > n2E
n i=1 €244 1+(e-X;)? e2+4
= exp(- 2 (252 (‘e *“’ + 0(/O)}

e2+4
= exp{- r—l: e2(1 + 0(v/E))}.
From the above results (3.20), (3.25), (3.32), (3.34) and (3.36), we have
(3.37)  P(8y(s)>e) = exp{- 7 €2(1 + 0(/B))},
for € > 0 sufficiently small.
Similarly we have

(3.38)  P(Bn(s)<-e) = (5P (-)>0)

= exp{- 7 €2(1 + 0(2))},

for € > 0 sufficiently small.
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%ﬁ; Since Cauchy distribution is continuous and satisfies Bahadur's
1

. condition (Bahadur 1971 p.9) hence equations (3.37) and (3.38) yield
o) P(|8n(s)|2e) = exp{- 7 €2(1 + 0(v2)))

for ¢ > 0 sufficiently small. This completes the proof.
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